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Abstract The aim of this paper is to study the thermal radiation effects on the flow
and heat transfer of an unsteady magnetohydrodynamic (MHD) micropolar fluid over a
vertical heated nonisothermal stretching surface in the presence of a strong nonuniform
magnetic field. The symmetries of the governing partial differential equations are de-
termined by the two-parameter group method. One of the resulting systems of reduced
nonlinear ordinary differential equations are solved numerically by the Chebyshev spec-
tral method. The effects of various parameters on the velocity, the angular velocity, and
the temperature profiles as well as the skin-friction coefficient, the wall couple stress co-
efficient, and the Nusselt number are studied.
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Nomenclature

B, applied magnetic field;
Tc, characteristic temperature;
Cf , skin-friction coefficient;
t, time;
cp, specific heat at constant pressure;
U0, characteristic velocity;
ebλ, Plank’s function;
u, v, velocities along the x- and y-axes;
Re, Reynolds number;
r, radiation parameter;
Pr, Prandtl number;
T , dimensional temperature;
f , dimensionless stream function;
(x, y), Cartesian coordinate;
g, gravitational acceleration;

I , dimensionless angular velocity;
ξ, ratio of the gyration vector component

to the fluid shear at a solid boundary;
j, microinertia density;
K, material parameter;
β, thermal expansion coefficient;
Kλ, absorption coefficient;
κ, thermal conductivity;
L, characteristic length;
ν, kinematic viscosity;
M , magnetic parameter;
ρ, fluid density;
mw, wall couple stress;
γ0, spin gradient viscosity;
m0, microrotation parameter;
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μ, dynamic viscosity;
N , angular velocity;
α, thermal diffusivity;
Nu, Nusselt number;

θ, dimensionless temperature;
qr, thermal radiation flux;
ψ, stream function;
k, vortex viscosity.

Scripts

′, differentiation with respect to η;
w, wall condition;

∞, free stream condition.

1 Introduction

Due to the importance in many technological applications such as cooling of nuclear reac-
tors during emergency shutdown, extruding a polymer sheet, stuffing food, cooling electronic
devices, enhancing oil recovery, continuously casting, and producing glass fiber, the theory of
micropolar fluids has received great attention during recent years[1–3]. Eringen[4–6] was the first
author who introduced the concept of a micropolar fluid whose behavior cannot be described
by the classical Navier-Stokes theory because of the involving of the effects of two new vari-
ables describing the distributions of atoms and molecules inside the fluid elements, i.e., spin
and micro inertia. Physically, he represented fluids consisting of randomly oriented particles
suspended in a viscous medium. Such fluids have been shown to be able to accurately simulate
the flow characteristics of polymeric additives, geomorphological sediments, colloidal suspen-
sions, haematological suspensions, liquid crystals, lubricants, etc. in the context of chemical
engineering, aerospace engineering, and industrial manufacturing processes.

Several attempts have concerned with the problems of unsteady micropolar fluids where
time is the third independent variable. Agarwal and Dhanapal[7] studied the problem of the
unsteady flow and heat transfer for an incompressible micropolar fluid flows over an semi-
infinite flat plate, and solved the governing partial differential equations numerically by the
finite difference method. Damesh et al.[8] presented the problem of the laminar free convection
boundary layer flow of an unsteady micropolar fluid above a heated vertical plate with the
prescribed wall heat flux, and solved the governing equations by a finite difference technique.
Nazar et al.[9] examined the problem of the flow of a micropolar fluid over a stretching surface.
Nazar et al.[10] extended the previous problem of the flow and heat transfer of a micropolar
fluid over a nonisothermal stretching surface, and solved the transformed equation numerically
by the Keller-box method. Bachok et al.[11] investigated the problem of an unsteady, laminar
flow of an incompressible micropolar fluid over a stretching sheet, where the stretching velocity
and the surface temperature are functions of the distance and the time.

The mathematical analysis used in the present analysis is the two-parameter group trans-
formation, which leads to a similarity representation of the problem. Some attempts are made
to use the group theoretic analysis to find a similarity representation of the problem of flow
and heat transfer for micropolar fluids. Ibrahim and Hamad[12] presented similarity solutions
for the unsteady mixed convection boundary-layer flow of a micropolar fluid near a stagnation
point on a horizontal cylinder. Abd-Elaziz and Ahmed[13] considered the unsteady boundary
layer flow of a micropolar fluid near the rear stagnation point of a plane surface in a porous
medium. Hassanien and Hamad[14] analyzed the unsteady free convection boundary layer flow
of a micropolar fluid on a vertical plate in a thermally stratified medium.

In the above-mentioned studies, the effect of the magnetic field has not been taken into con-
sideration although it has several important applications in many engineering problems such
as magnetohydrodynamic (MHD) generators, plasma studies, nuclear reactors, oil exploration,
geothermal energy extractions, and boundary layer control in the field of aero-dynamics. Radi-
ation has many industrial applications such as glass production and furnace design and space
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technology applications such as cosmical flight aerodynamic rockets, propulsion systems, and
plasma physics. The considered fluid is taken to be nongray. Then, for an optically thin limit,
the fluid does not absorb its own emitted radiation, but absorbs the radiation emitted by the
boundaries. Therefore, in the optically thin limit for a gray-gas near equilibrium, the following
relation holds[15]:

dqr
dy

= 4Γ(T − Tw), (1)

Γ =
∫ ∞

0

Kλw

(∂ebλ
∂T

)
w
dλ. (2)

The aim of this work is to study the effects of thermal radiation on an MHD unsteady
micropolar fluid flow over a nonisothermal vertical stretching surface.

2 Formulation of problem

Consider an unsteady, two-dimensional MHD laminar convective flow of an incompressible,
viscous, and micropolar fluid with thermal radiation on a stretching vertical surface. The x-
axis is taken along the direction of motion, and the y-axis is taken normal to the surface. It
is assumed that a nonuniform magnetic field B(x) is applied in the y-direction. The magnetic
Reynolds number of the flow is taken to be small enough so that the induced magnetic field
can be assumed to be negligible. The surface temperature is taken as a function of the distance
and the time Tw(x, t), while the ambient fluid has a uniform temperature T∞ which is smaller
than Tw(x, t). The gravitational acceleration g acts in the downward direction. The physical
model and coordinate system are shown in Fig. 1.

Fig. 1 Physical model and system

The governing equations of the continuity, momentum, and energy for the unsteady flow
can be written as follows[15]:

∂ū

∂x̄
+
∂v̄

∂ȳ
= 0, (3)

∂ū

∂t̄
+ ū

∂ū

∂x̄
+ v̄

∂ū

∂ȳ
=

(μ+ k

ρ

)∂2ū

∂ȳ2
+ gβ(T − T∞) +

k

ρ

∂N

∂ȳ
− σB2(x̄)

ρ
ū, (4)

ρj
(∂N
∂t̄

+ ū
∂N

∂x̄
+ v̄

∂N

∂ȳ

)
= γ0

∂2N

∂ȳ2
− k

(
2N +

∂N

∂ȳ

)
, (5)
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∂j̄

∂t̄
+ ū

∂j̄

∂x̄
+ v̄

∂j̄

∂ȳ
= 0, (6)

∂T

∂t̄
+ ū

∂T

∂x̄
+ v̄

∂T

∂ȳ
= α

∂2T

∂ȳ2
− 1
ρcp

dqr
dy

(7)

subjected to the boundary conditions

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

t̄ < 0 : ū = 0, v̄ = 0, N = 0,

t̄ > 0 : ū = ūw(x̄, t̄), v̄ = 0, N = −ξ ∂ū
∂ȳ
, T = Tw(x̄, t̄), j = 0 as ȳ = 0;

ū = 0, T = T∞, N = 0 as ȳ → ∞,

(8)

Assume that the spin gradient viscosity γ0 is given by

γ0 =
(
μ+

k

2

)
j, (9)

where j = νL
U0

is the reference length. We now introduce the dimensionless variables as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x =
x̄

L
, y =

ȳ

L

√
Re, t =

t̄U0

L
, u =

ū

U0
,

uw(x, t) =
ūw(x̄, t̄)
U0

, v =
v̄

U0

√
Re,

T − T∞ =
Lgβ(T − T∞)

U2
0

, T − Tw =
Lgβ(T − Tw)

U2
0

,

θ =
T − T∞

Tw(x, t) − T∞
, U0 = (LgβTc)

1
2 , N =

L

U0

√
Re

N.

(10)

Introduce the stream function ψ as follows:

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (11)

Then, from Eqs. (1)–(8), there are

∂2ψ

∂y∂t
+
∂ψ

∂y

∂2ψ

∂x∂y
− ∂ψ

∂x

∂2ψ

∂y2
− (1 +K)

∂3ψ

∂y3
− T1θ −K

∂N

∂y
+M∗B2(x)

∂ψ

∂y
= 0, (12)

∂N

∂t
+
∂ψ

∂y

∂N

∂x
− ∂ψ

∂x

∂N

∂y
−

(
1 +

K

2

)∂2N

∂y2
+K

(
2N +

∂2ψ

∂y2

)
= 0, (13)

θ
∂T1

∂t
+ T1

∂θ

∂t
+
∂ψ

∂y

(
θ
∂T1

∂x
+ T1

∂θ

∂x

)
− T1

∂ψ

∂x

∂θ

∂y
− T1

Pr

∂2θ

∂y2
+ rT1(θ − 1) = 0, (14)

where

M∗ =
σL

ρν
, r =

4ΓL
U0ρcp

.
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The boundary conditions become

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

t < 0 :
∂ψ

∂y
= 0,

∂ψ

∂x
= 0, N = 0,

t > 0 :
∂ψ

∂y
= uw(x, t),

∂ψ

∂x
= 0, N = −m0

∂2ψ

∂y2
, θ = 1 as y = 0;

∂ψ

∂y
= 0, N = 0, θ = 0 as y → ∞,

(15)

where T1 = Tw(x, t) − T∞.

3 Group analysis and similarity equations

Our method of solutions depends on the application of a two-parameter group transformation
to the partial differential equations (12)–(15). Under this transformation, the three independent
variables will be reduced by two and the system of the partial differential equations (12)–(15)
transforms into a system of ordinary differential equations in only one independent variable,
i.e., which is the similarity variable.

The procedure is initiated with the group G, a class of transformations of the two-parameter
“a1, a2” of the form

G :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S̃

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x̃ = Cxx+Kx,

ỹ = Cyy +Ky,

t̃ = Ctt+Kt,

ψ̃ = Cψψ +Kψ, θ̃ = Cθθ +Kθ, Ñ = CNN +KN ,

T̃1 = CT1T1 +KT1 , B̃ = CBB +KB, ũw = Cuwuw +Kuw .

(16)

The real valued functions CS and KS (S stands on x, y, t, ψ, θ, N , T1, B, and uw) are at
least differentiable in their real arguments (a1, a2).

To transform the differential equations, the transformations of the derivatives are obtained
from G via the chain-rule operations as follows:

S̃ĩ =
(CS
Ci

)
Si, S̃ĩ j̃ =

( CS

CiCj

)
Sij , S̃ĩ j̃ k̃ =

CS

CiCjCk
Sijk , (17)

where i = x, y, t, j = x, y, t, k = x, y, t, and S stands for ψ, θ, T1, N, and B.
Equations (12), (13), and (14) are said to be invariantly transformed under Eqs. (16) and

(17) whenever

∂2ψ̃

∂ỹ∂t̃
+
∂ψ̃

∂ỹ

∂2ψ̃

∂x̃∂ỹ
− ∂ψ̃

∂x̃

∂2ψ̃

∂ỹ2
− (1 +K)

∂3ψ̃

∂ỹ3
− T̃1θ̃ −K

∂Ñ

∂ỹ
+M∗B̃2(x̃)

∂ψ̃

∂ỹ

= H1(a1, a2)
( ∂2ψ

∂y∂t
+
∂ψ

∂y

∂2ψ

∂x∂y
− ∂ψ

∂x

∂2ψ

∂y2
− (1 +K)

∂3ψ

∂y3

− T1θ −K
∂N

∂y
+M∗B2(x)

∂ψ

∂y

)
, (18)
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∂Ñ

∂t̃
+
∂ψ̃

∂ỹ

∂Ñ

∂x̃
− ∂ψ̃

∂x̃

∂Ñ

∂ỹ
−

(
1 +

K

2

)∂2Ñ

∂ỹ2
+K

(
2Ñ +

∂2ψ̃

∂ỹ2

)

= H2(a1, a2)
(∂N
∂t

+
∂ψ

∂y

∂N

∂x
− ∂ψ

∂x

∂N

∂y
−

(
1 +

K

2

)∂2N

∂y2
+K

(
2N +

∂2ψ

∂y2

))
, (19)

θ̃
∂T̃1

∂t̃
+ T̃1

∂θ̃

∂t̃
+
∂ψ̃

∂ỹ

(
θ̃
∂T̃1

∂x̃
+ T̃1

∂θ̃

∂x̃

)
− T̃1

∂ψ̃

∂x̃

∂θ̃

∂ỹ

− T̃1

Pr

∂2θ̃

∂ỹ2
+ rT̃1(θ̃ − 1)

= H3(a1, a2)
(
θ
∂T1

∂t
+ T1

∂θ

∂t
+
∂ψ

∂y

(
θ
∂T1

∂x
+ T1

∂θ

∂x

)
− T1

∂ψ

∂x

∂θ

∂y

− T1

Pr

∂2θ

∂y2
+ rT1(θ − 1)

)
, (20)

where H1(a1, a2), H2(a1, a2), and H3(a1, a2) may be constants. Substituting Eqs. (16) and (17)
into Eqs. (12), (13), and (14), we obtain

∂2ψ̃

∂ỹ∂t̃
+
∂ψ̃

∂ỹ

∂2ψ̃

∂x̃∂ỹ
− ∂ψ̃

∂x̃

∂2ψ̃

∂ỹ2
− (1 +K)

∂3ψ̃

∂ỹ3

− T̃1θ̃ −K
∂Ñ

∂ỹ
+M∗B̃2(x̃)

∂ψ̃

∂ỹ
−R1(a1, a2)

= H1(a1, a2)
( ∂2ψ

∂y∂t
+
∂ψ

∂y

∂2ψ

∂x∂y
− ∂ψ

∂x

∂2ψ

∂y2
− (1 +K)

∂3ψ

∂y3

− T1θ −K
∂N

∂y
+M∗B2(x)

∂ψ

∂y

)
, (21)

∂Ñ

∂t̃
+
∂ψ̃

∂ỹ

∂Ñ

∂x̃
− ∂ψ̃

∂x̃

∂Ñ

∂ỹ
−

(
1 +

K

2

)∂2Ñ

∂ỹ2
+K

(
2Ñ +

∂2ψ̃

∂ỹ2

)
− R2(a1, a2)

= H2(a1, a2)
(∂N
∂t

+
∂ψ

∂y

∂N

∂x
− ∂ψ

∂x

∂N

∂y
−

(
1 +

K

2

)∂2N

∂y2
+K

(
2N +

∂2ψ

∂y2

))
, (22)

θ̃
∂T̃1

∂t̃
+ T̃1

∂θ̃

∂t̃
+
∂ψ̃

∂ỹ

(
θ̃
∂T̃1

∂x̃
+ T̃1

∂θ̃

∂x̃

)
− T̃1

∂ψ̃

∂x̃

∂θ̃

∂ỹ

− T̃1

Pr

∂2θ̃

∂ỹ2
+ rT̃1(θ̃ − 1) −R3(a1, a2)

= H3(a1, a2)
(
θ
∂T1

∂t
+ T1

∂θ

∂t
+
∂ψ

∂y

(
θ
∂T1

∂x
+ T1

∂θ

∂x

)

− T1
∂ψ

∂x

∂θ

∂y
− T1

Pr

∂2θ

∂y2
+ rT1(θ − 1)

)
, (23)

where

R1(a1, a2) =
KBCψ

Cy
−KT1Cθθ −KθCT1T1 +KθKT1 , (24)
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R2(a1, a2) = KN , (25)

R3(a1, a2) =
KθCT1

Ct
+
KθCT1Cψ

CxCy
+KT1Cθθ +KθCT1T1 −KθKT1 −KT1

+
KT1Cθ

Ct
+
KT1CθCψ

CxCy
+
KT1Cθ

Cy2 . (26)

The invariance of Eqs. (21), (22), and (23) implies that R1(a1, a2) ≡ 0, R2(a1, a2) ≡ 0,
R3(a1, a2) ≡ 0, and

H1(a1, a2) =
Cψ

CyCt
=

Cψ

(Cy)2Cx
=

Cψ

(Cy)3
=
CN

Cy
=
CBCψ

Cy
, (27)

H2(a1, a2) =
CN

Ct
=
CψCN

CyCx
=

CN

(Cy)2
=

Cψ

(Cy)2
= CN , (28)

H3(a1, a2) =
CθCT1

Ct
=
CψCT1Cθ

CyCx
=
CT1Cθ

(Cy)2
= CθCT1 = CT1 . (29)

The vanishing of R1, R2, and R3 implies that

KT1 = Kθ = KB = KN = 0. (30)

The invariance of the boundary conditions (15) under the transformation (16) gives

Ky = Kuw = 0, Cθ = 1, Cuw =
Cψ

Cy
, CN =

Cψ

(Cy)2
. (31)

From Eqs. (27), (28), and (29) and invoking Eqs. (30) and (31), we get

Cy = Ct = CB = 1, Cψ = CN = Cx = CT1 = Cuw . (32)

By substituting Eqs. (30)–(32) into Eq. (16), we get the group G. Then, transforming
Eqs. (12)–(15) invariantly yields

G :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S̃

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x̃ = Cxx+Kx,

ỹ = y,

t̃ = t+Kt,

ψ̃ = Cxψ +Kψ, θ̃ = θ, Ñ = CxN,

T̃1 = CxT1, B̃ = B, ũw = Cxuw.

(33)

This group possesses complete sets of absolute invariants η(x, y, t) and

gi(x, y, t, ψ, θ, T1, N,B, uw),

where i = 1, 2, · · · , 6 are the six absolute invariants corresponding to ψ, θ, N , T1, B, and uw.
3.1 Complete set of absolute invariants

The complete set of absolute invariants consists of the absolute invariants of the independent
variables x, y, and t and the absolute invariants of the dependent variables ψ, θ, N , T1, B, and
uw.
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If η(x, y, t) is the absolute invariant of independent variables, then

gi(x, y, t, ψ, θ, T1, N,B, uw) = Fi(η(x, y, t)) (i = 1, 2, · · · , 6)

are the dependant absolute invariants.
The dependent and independent similarity variables are obtained by applying the Morgan

theorem[16], which states that a function gi(x, y, t, ψ, θ, T1, N,B, uw) is an absolute invariant of
a two-parameter group if and only if it satisfies the following two first-order linear differential
equations:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

9∑
i=1

(αiξi + αi+1)
∂gi
∂ξi

= 0,

9∑
i=1

(βiξi + βi+1)
∂gi
∂ξi

= 0,

(34)

where ξi stand for x, y, t, ψ, θ, T1, N,B, and uw, respectively, and αi and βi are defined by the
relations ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

α1 =
(∂Cx
∂a1

)
(a0

1,a
0
2)
, α2 =

(∂Kx

∂a1

)
(a0

1,a
0
2)
, α3 =

(∂Cy
∂a1

)
(a0

1,a
0
2)
, · · · ,

β1 =
(∂Cx
∂a2

)
(a0

1,a
0
2)
, β2 =

(∂Kx

∂a2

)
(a0

1,a
0
2)
, β3 =

(∂Cy
∂a2

)
(a0

1,a
0
2)
, · · · ,

(35)

where (a0
1, a

0
2) denotes the value of “a1, a2”, which yields the identity element of the group.

3.1.1 Invariant transformation of independent variables
We first deduce the similarity variable η(x, y, t) as follows:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(α1x+ α2)
∂η

∂x
+ (α3y)

∂η

∂y
+ (α5t+ α6)

∂η

∂t
= 0,

(β1x+ β2)
∂η

∂x
+ (β3y)

∂η

∂y
+ (β5t+ β6)

∂η

∂t
= 0.

(36)

Since Ky = 0, according to the definition of αi and βi,

α4 = β4 = 0. (37)

Eliminating y ∂η∂y and ∂η
∂x from Eq. (36) yields

⎧⎪⎪⎨
⎪⎪⎩

(λ13x+ λ23)
∂η

∂x
+ (λ53t+ λ63)

∂η

∂t
= 0,

(λ31x+ λ32)y
∂η

∂y
+ (λ51xt+ λ61x+ λ52t+ λ62)

∂η

∂t
= 0,

(38)

where
λij = αiβj − αjβi, i, j = 1, 2, · · · , 6. (39)

According to the basic theorem of the group theory, Eq. (38) has one and only one solution
if the coefficient matrix has the rank two. The matrix has the rank two whenever at least one
of its two by two submatrices has a nonvanishing determinant. This condition is met whenever
at least one of the following is satisfied:

λ13x+ λ22 �= 0, λ35t+ λ36 �= 0, or λ15xt+ λ16x+ λ25t+ λ26 �= 0. (40)
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According to the definition of the classG of the two-parameter group (33) and the definitions
of αi and βi, we have

λ31 = λ32 = λ35 = λ36 = λ15 = λ25 = 0. (41)

Then, according to the condition (40), the first equation of Eq. (38) is satisfied, but the second
equation is reduced to

∂η

∂t
= 0. (42)

Then, from Eq. (38), we can deduce that

(λ16x+ λ26)
∂η

∂x
= 0. (43)

From Eqs. (42) and (43), the similarity variable η has the form

η = f(y). (44)

Without loss of generality, the independent absolute invariant η(y) in Eq. (44) may be as-
sumed in the form

η = Ay. (45)

3.1.2 Absolute invariants of dependent variables
Similarly, we can find absolute invariants of the dependent variables. We mention that θ

and B are themselves absolute invariants. Thus, θ(x, y, t) = θ(η) and B(x) = B(η). Since η
does not depend on x, it is convenient for B(x) to be a constant, i.e., B(x) = B0. Equation
(34) may be solved to get the other four absolute invariants. Frequently, the following forms
corresponding to ψ, T1, N , B, and uw may be assumed:

{
ψ(x, y, t) = Γ1(x, t)f(η), T1(x, t) = Γ2(x, t)E(η),

N(x, y, t) = Γ3(x, t)I(η), uw(x, t) = Γ4(x, t)G(η)
(46)

since uw(x, t) and T1(x, t) are independent of y whereas η depends on y. It follows that E(η)
and G(η) must be equal to constants, which are denoted by T0 and Ur, respectively. Thus,
Eq. (46) becomes

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ψ(x, y, t) = Γ1(x, t)f(η), θ(x, y, t) = θ(η),

T1(x, t) = T0Γ2(x, t), N(x, y, t) = Γ3(x, t)I(η),

uw(x, t) = UrΓ4(x, t), B(x) = B0.

(47)

The reduction of Eqs. (12)–(15) to ordinary differential equations depends on the forms of Γ1,
Γ2, Γ3, and Γ4.
3.2 Reduction to ordinary differential equations

Substituting Eq. (47) into Eqs. (12)–(15), we have

(1 +K)f ′′′ + c1(ff ′′ + f ′2) − c2f
′ + c3θ +Kc4I

′ −Mf ′ = 0, (48)

(
1 +

K

2

)
f ′′′ + c1I

′f − c5f
′I − c6I −K

(
2I +

f ′′

c4

)
= 0, (49)

1
Pr

θ′′ + c1θ
′f − c7f

′θ − c8θ − r(θ − 1) = 0 (50)
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with the boundary conditions⎧⎪⎨
⎪⎩
η = 0 : f ′ = c9, f = 0, I = −m0

c4
f ′′, θ = 1,

η → ∞ : f ′ → 0, I → 0, θ → 0,
(51)

where ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

c1 =
∂Γ1

∂x
, c2 =

1
Γ1

∂Γ1

∂t
, c3 =

T0Γ2

Γ1
, c4 =

Γ3

Γ1
, c5 =

Γ1

Γ3

∂Γ3

∂x
,

c6 =
1
Γ3

∂Γ3

∂t
, c7 =

Γ1

Γ2

∂Γ2

∂x
, c8 =

1
Γ2

∂Γ2

∂t
, c9 =

UrΓ4

Γ1
.

(52)

It is necessary that the coefficients ci (i = 1, 2, · · · , 9) are constants or functions of η only.
Several trials on possible values of ci only lead to two distinct cases:

(i) Γ1 depends only on x (Γ1 = Γ1(x)).
(ii) Γ1 depends only on t (Γ1 = Γ1(t)).

3.2.1 Reduction to ordinary differential equations when Γ1 = Γ1(x)
For this case and from Eq. (52), we get⎧⎪⎨

⎪⎩
c2 = c7 = c8 = 0, c1 = c5 = c7, Γ1 = c1x+ k1,

Γ2 =
c3
T0

(c1x+ k1), Γ3 = c4(c1x+ k1), Γ4 =
c9
Ur

(c1x+ k1),
(53)

where k1 is an integration constant. Then, Eqs. (48)–(50) have the forms as follows:

(1 +K)f ′′′ + c1(ff ′′ + f ′2) + c3θ +Kc4I
′ −Mf ′ = 0, (54)

(
1 +

K

2

)
I ′′ + c1(I ′f − f ′I) −K

(
2I +

f ′′

c4

)
= 0, (55)

1
Pr

θ′′ + c1(θ′f − f ′θ) − r(θ − 1) = 0 (56)

subjected to the boundary conditions (51), and the forms of η, ψ, θ, Tw, N , B, and uw are⎧⎪⎪⎪⎨
⎪⎪⎪⎩

η = y, ψ(x, y, t) = (c1x+ k1)f(η),

Tw(x, t) = T∞ + c3(c1x+ k1), N(x, y, t) = c4(c1x+ k1)I(η),

uw(x, t) = c9(c1x+ k1), θ(x, y, t) = θ(η), B(x) = B0.

(57)

3.2.2 Reduction to ordinary differential equations when Γ1 = Γ1(t)
For this case and from Eq. (52), we get⎧⎪⎨

⎪⎩
c1 = c5 = c7 = 0, c2 = c6 = c8, Γ1 = k2ec2tf(η),

Γ2 =
c3
T0
k2ec2t, Γ3 = c4k2ec2t, Γ4 =

c9
Ur
k2ec2t,

(58)

where k2 is an integration constant. Then, Eqs. (48)–(50) have the forms as follows:

(1 +K)f ′′′ − c2f
′ + c3θ +Kc4I

′ −Mf ′ = 0, (59)

(
1 +

K

2

)
I ′′ − c2I −K

(
2I +

f ′′

c4

)
= 0, (60)

1
Pr

θ′′ − c2θ − r(θ − 1) = 0 (61)
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subjected to the boundary conditions (51), and the forms of η, ψ, θ, Tw, N , B, and uw are
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

η = y, ψ(x, y, t) = k2ec2tf(η),

Tw(x, t) = T∞ + c3k2ec2t,

N(x, y, t) = c4k2ec2tI(η),

θ(x, y, t) = θ(η), uw(x, t) = c9k2ec2t, B(x) = B0.

(62)

The domain of the governing boundary layer equations is the unbounded region [0,∞).
However, for all practical reasons, the governing boundary layer equations (59)–(61) have the
domain 0 � η � η∞, where η∞ is one end of the user specified computational domain. The
set of nonlinear ordinary differential equations (59) and (61) with the boundary conditions (51)
has analytical solutions for K = 0 and c9 = 1, these solutions are shown in Appendix A.

In technological applications, the skin-friction coefficient, the couple stress coefficient at the
wall, and the Nusselt number are important quantities that are of practical interest. These
quantities are, respectively, given by

1
2
CfRe

1
2 uw = −(1 + (1 +m0)K)f ′′(0), (63)

CwReuw =
(
1 +

K

2

)
I ′(0), (64)

NuRe−
1
2 = −θ′(0). (65)

4 Numerical solutions

The nonlinear ordinary differential equations (59)–(61) with the boundary conditions (51)
described the unsteady case are solved numerically by the Chebyshev spectral method[17–18].
Now, we display the major concepts for solving ordinary differential equations by the Chebyshev
function and the following algebraic mapping:

ζ =
2η
η∞

− 1, (66)

and map the bounded region 0 � η � η∞ to the the finite domain [−1, 1]. Then, Eqs. (59)–(61)
have the forms

(1 +K)
( 2
η∞

)3

f ′′′(ζ) − 2
η∞

c2f
′(ζ) + c3θ(ζ) +

2
η∞

Kc4I
′(ζ) − 2

η∞
Mf ′(ζ) = 0, (67)

(
1 +

K

2

)( 2
η∞

)2

I ′′(ζ) − c2I(ζ) −K
(
2I(ζ) +

( 2
η∞

)2 f ′′(ζ)
c4

)
= 0, (68)

1
Pr

( 2
η∞

)2

θ′′(ζ) − c2θ(ζ) − r(θ(ζ) − 1) = 0 (69)

with the transformed boundary conditions as follows:
⎧⎪⎨
⎪⎩
ζ = −1 : f ′ =

η∞
2
c9, f = 0, I = −m0

c4

( 2
η∞

)2

f ′′, θ = 1,

ζ = 1 : f ′ = 0, I = 0, θ = 0.

(70)
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By applying the Chebyshev method on Eqs. (67)–(69) with the boundary condition (70), we
get a nonlinear algebraic system of equations as follows:

(1 +K)
( 2
η∞

)3

φi − 2c2
η∞

( n∑
j=0

L1
ijφj + d1

i

)
+ c3

( n∑
j=0

L2
ijχj + q2i

)

+
2Kc4
η∞

( n∑
j=0

L1
ijψj +

n∑
j=0

N1
ijφj + r1i

)
− 2M
η∞

( n∑
j=0

L2
ijφj + d2

i

)
= 0, (71)

(
1 +

K

2

)( 2
η∞

)2

ψi − c2

( n∑
j=0

L2
ijψj +

n∑
j=0

N2
ijφj + r2i

)

−K
(
2
( n∑
j=0

L2
ijψj +

n∑
j=0

N2
ijφj + r2i

)
+

2
η∞c4

( n∑
j=0

L1
ijφj + d1

i

))
= 0, (72)

1
Pr

( 2
η∞

)2

χi − c2

( n∑
j=0

L2
ijχj + q2i

)
− r

( n∑
j=0

L2
ijχj + q2i − 1

)
= 0, (73)

where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L1
ij = bij − 1

2
b2nj, d1

i = −c9η∞
4

,

L2
ij = b2ij −

ζi + 1
2

b2nj , d2
i = −1

4
c9(ζi + 1)η∞ +

1
2
c9η∞,

L3
ij = b3ij −

(ζi + 1)2

4
b2nj , d3

i = −1
8
c9(ζi + 1)2η∞ +

1
2
c9η∞(ζi + 1),

N1
ij = −m0

2

( 2
η∞

)2

b2nj, r1i = −c9m0

2η∞
,

N2
ij =

m0

2

( 2
η∞

)2

b2nj −
m0(ζi + 1)

4

( 2
η∞

)2

b2nj,

r2i = −m0(ζi + 1)
2η∞

+
m0c9
η∞

,

q1i = −1
2
, q2i = 1 − ζi + 1

2
.

(74)

Here, bij , b
(2)
ij , and b

(3)
ij are elements in the (n + 1) square matrices defined in Ref. [17]. This

system of nonlinear equations is solved by Newton’s iteration for the unknown φi, ψi, and χi
(i = 0, · · · , n).

5 Discussion

To assess the accuracy of the numerical method, we compare our results for Eqs. (59) and
(61) subjected to the boundary condition (51) with the analytical results which are presented
in Appendix A with c2 = 1, η∞ = 10, K = 0, and c9 = 1. As shown in Table 1, the comparison
shows good agreement. The resulting equations (59)–(61) with the boundary conditions (51)
are solved numerically by a Chebyshev spectral method discussed in the previous section with
c2 = c4 = c9 = 1 and the assumption that c3 = λ is the mixed convection parameter.
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Table 1 Analytical and numerical results of −f ′′(0) and −θ′(0) with c2 = 1, K = 0, c9 = 1, and
η∞ = 10

Pr M c3 r
−f ′′(0) −θ′(0)

Analytical Numerical Analytical Numerical

0.72 0.5 0.10 0.02 1.176 05 1.176 05 0.840 174 0.840 174

1.00 0.5 0.30 0.01 1.089 11 1.089 11 0.995 038 0.995 038

0.72 0.5 0.01 0.01 1.219 90 1.219 90 0.844 320 0.844 320

3.00 1.0 0.20 0.02 1.405 50 1.405 50 1.714 990 1.714 990

Figures 2 and 3 illustrate the effects of the material parameter K on the velocity f ′ and the
angular velocity I, respectively. It can be seen from Fig. 2 that the velocity increases as the
material parameter K increases near the surface and decreases with the increase in K away
from the surface. Also, one can observe that f ′ remains positive near the boundary whereas
negative away from the boundary. Figure 3 displays that for m0 = 0.5, the micro-rotation
velocity I decreases with the increase in K near the plate, while increases with the increase in
K away from the surface. Also, for m0 = 0.0, the micro-rotation velocity I increases with the
increase in K.

Fig. 2 Velocity profiles for various K Fig. 3 Angular velocity profiles for various K

Figure 4 shows the effects of the radiation parameter r on the temperature profiles. It is
observed that the temperature increases as the radiation parameter r increases. This result
qualitatively agrees with the expectation since the effects of the radiation and the surface
temperature are to increase the rate of the energy transport to the fluid and accordingly to
increase the temperature of the fluid.

Figures 5–7 illustrate the variations of the velocity f ′ and the angular velocity profiles I
with the magnetic parameter M . Figure 5 depicts the variations of f ′ with M . It is observed
that f ′ decreases with the increase in M along the surface. This is because that the application
of a transverse magnetic field to an electrically conducting fluid gives rise to a resistive-type
force called the Lorentz force. This force has the tendency to slow down the motion of the fluid
in the boundary layer. The profiles of the angular velocity I with various M for m0 = 0.0 and
m0 = 0.5 are shown in Figs. 6 and 7, respectively. It is clear from Fig. 6 that for m0 = 0.0,
the angular velocity I decreases with an increase in M near the surface and increases with the
increase in M away from the surface. Figure 7 depicts that for m0 = 0.5, the angular velocity
I increases with an increase in M near the surface and decreases with the increase in M away
from the surface.
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Fig. 4 Temperature profiles for various r Fig. 5 Velocity profiles for various M

Fig. 6 Angular velocity profiles for variousM
with m0 = 0.0

Fig. 7 Angular velocity profiles for variousM
with m0 = 0.5

Figures 8 and 9 depict the effects of the Prandtl number Pr on f ′ and θ, respectively. It is
seen that f ′ and θ decrease as Pr increases. This is in agreement with the fact that the thermal
boundary layer thickness decreases with the increase in Pr.

Fig. 8 Velocity profiles for various Pr Fig. 9 Temperature profiles for various Pr

It is observed from Fig. 10 that the velocity increases for large values of λ while the boundary
layer thickness is the same for all values of λ.

Figures 11 and 12 present the skin-friction coefficient and the wall couple stress coefficient
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for different values of K and M while the other parameters are fixed. It is noticed from Fig. 11
that the skin-friction coefficient increases with the increase in K at a fixed value of M and the
skin-friction coefficient increases with the increase in M at a fixed value of K. Also, Fig. 12
shows that the wall couple stress coefficient decreases as K increases at a fixed value of M for
m0 = 0.5, and the reverse is true for m0 = 0.0. While at a fixed value of K, the wall couple
stress coefficient increases as M increases for m0 = 0.5, and the reverse is true for m0 = 0.0.

Fig. 10 Velocity profiles for various λ

Fig. 11 Skin-friction coefficient as function of
K for various M

Fig. 12 Wall couple stress coefficient as func-
tion of K for various M

Figures 13 and 14 present the skin-friction coefficient and the Nusselt number for different
values of r and Pr while all other parameters are fixed. It is noticed that as r increases, the
skin-friction coefficient and the Nusselt number decrease considerably for a fixed value of Pr.
Also, it is seen that as Pr increases, the skin-friction coefficient and the Nusselt number increase
considerably for a fixed value of r.

Figures 15 and 16 present the skin-friction coefficient and the Nusselt number for different
values of K and λ while all other parameters are fixed. It is found that the skin-friction
coefficient decreases with the increase in λ at a fixed value of K. While the wall couple stress
increases with the increase in λ at a fixed value of K for m0 = 0.5, and the reverse is true for
m0 = 0.0.

6 Conclusions

In the present work, the most widely applicable method for transforming a system of partial
differential equations into an invariant system of ordinary differential equations utilizes the
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Fig. 13 Skin-friction coefficient as function of
r for various Pr

Fig. 14 Nusselt number as function of r for
various Pr

Fig. 15 Skin-friction coefficient as function of
λ for various K

Fig. 16 Wall couple stress coefficient as func-
tion of λ for various K

underlying group structure to solve the problem of an unsteady MHD micropolar fluid. This
fluid flows over a vertical nonisothermal stretching surface with the radiation effect. We obtain
two systems of ordinary differential equations. One represents the steady case, and the other
represents the unsteady case. The system represented the unsteady case is solved numerically
by the Chebyshev spectral method. The velocity, the angular velocity, the temperature field,
the local skin-friction coefficient, and the local Nusselt number are presented for various values
of the parameters governing the problem by considering m0 = 0.0 and m = 0.5.

We observed that the velocity f ′ increases with the increases in the material parameter K,
the Prandtl number Pr, and the mixed convection parameter λ, while it decreases with the
increase in M . The temperature θ increases with the increase in the radiation parameter r and
decreases with the increase in the Prandtl number Pr. Moreover, the skin-friction coefficient
increases with the increases in K, M , and Pr, while it decreases with the increases in λ and r.
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Appendix A

The analytical solution is as follows:

λ1 = c2 +M, λ2 = (c2 + r)Pr, λ3 = rPr,
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